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Helical beams thus have potential applications in secure and parallel data communication, 2 with information being carried in topological channels or being encoded in the beam's topology. The orbital angular momentum also can exert useful torques on illuminated objects, particularly when helical beams are focused into ring-like traps known as optical vortices.
3-6
In the decade after their initial demonstration, optical vortices have been used to assemble mesoscopic systems 7 to create microfluidic pumps [8] [9] [10] and to establish all-optical atom traps.
11, 12
Many proposed applications take advantage of helical beams' cylindrical intensity distribution. This structure, however, has been the subject of recent debate, with experimental results 9 differing from predictions.
13
Efforts to account for this discrepancy led to the prediction and demonstration of sinusoidally modulated optical vortices.
14 This Letter establishes both analytically and experimentally that an optical vortex's radius depends linearly on its helicity, , and introduces scaling functions for helical beams' radial intensity profiles.
Helical beams are readily created from TEM 00 beams either with conventional mode converters 15, 16 or by holographic methods, 3, 17, 18 with the latter providing a substantially larger range of helicities.
8, 9
The resulting field has the general form 
Here L p (x) is a generalized Laguerre polynomial with radial index p, and w is the beam's radius in the observation plane.
1
An LG p mode with p = 0 appears as a ring of light with radius R = w /2.
13
Higher-order LG p modes appear as p + 1 concentric rings whose radii are more complicated functions of .
Helical modes with more general radial amplitude profiles can be expressed as superpositions of LG p modes, all with the same azimuthal index . They would not be expected to share the simple √ scaling characteristic of pure p = 0 LG 0 modes.
Even less likely is that a superposition of LG p modes would scale linearly
And yet precisely this result has been obtained experimentally over two orders of magnitude in .
9
Numerical analysis suggests that linear scaling emerges at least approximately for beams with uniform intensity.
Here, we show that this is a far more general result.
Once a beam of light with amplitude profile u( ρ) is imprinted with a particular phase profile ϕ( ρ), its propagation into the far field is described by the Fraunhofer diffraction integral,
where k is the wavenumber of the light, r = (r, ψ) are the polar coordinates in the observation plane, and α = r/z at a range z r. Equivalently, α = r/(2f ) in the focal plane of a lens of focal length f . We will consider Gaussian beams with
) and "flat top" or pillbox beams with
where Θ(x) is the Heaviside step function. We introduce the dimensionless radial integration variable y = αkρ and the rescaled observation coordinate x = αka and integrate over angles to obtain the transformed helical beam 9, 20-22
where J (y) is a Bessel function of order . For the Gaussian profile, this yields
where I ν (x) is a modified Bessel function of the first kind.
Equation (5) simplifies to a class of scaling solutions for 1. This follows from the recursion formula,
, by applying uniform asymptotic expansions for large order (Ref. [23] , 9.7.7 and 9.7.9) to obtain
Here
. In our case, ν = ( − 1)/2 and νξ = x 2 /8 so that
/[4( − 1)], and
which resembles a similar result in Ref. approximations, the amplitude reduces to
The intensity, I (x) = |A (x)| 2 , thus is peaked at x = αka = , consistent with our assumption, and in agreement with the experimentally observed linear scaling.
9
Equation (8) further suggests that the intensity follows a universal function of x/
We tested these predictions by imprinting helical phase profiles onto a Gaussian laser beam and imaging the far-field intensity distribution. Our apparatus is shown schematically in Fig. 1 . A collimated TEM 00 beam from a frequency-doubled diode- radians at each 20 µm wide pixel in an 800 × 600 array. Nearly phase-only modulation was achieved by placing a half-wave plate before the SLM and an analyzer after.
The resulting discrete approximation to a helical beam was projected by a lens of focal length f = 300 mm onto the 2/3 inch diagonal face of a monochrome CCD camera. The measured intensity pattern should be well described by scalar diffraction theory. This need not have been the case in previous studies,
9, 14
which employed highnumerical aperture optics. A typical far-field intensity pattern with = 80 appears in Fig. 1 . As in previous studies, 8, 9, 21 diffraction by the SLM's pixels creates radial striations, which do not affect the measured radii. I(x) 
